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We discuss basic features of steady accretion disk morphology around magne-
tized compact astrophysical objects. A comparison between the standard model of
accretion based on visco-resistive MHD and the plasma instabilities, like ballooning
modes, triggered by very low value of resistivity, is proposed.
Basic Model. The standard model of an axisymmetric thin disk is fixed by the
fluid-dynamical equilibria established within the gravitational field of the compact
central object (having mass MS) when averaged out of the vertical direction.1 The
angular frequency of the disk takes the Keplerian profile ω(r) = ωK =
√
GMS/r3.
Significant deviations from such a behavior are expected only in advective domi-
nated regimes. The vertical equilibrium gives, for an isothermal disk of tempera-
ture T , the exponential decay of the mass density over the equatorial plane value
0(r), i. e. D(z2) ≡ /0 = exp{−z2/H2}, with H =
√
2v2s/ω2K being the half-
depth of the disk and vs the sound velocity on the equatorial plane, that is to
say v2s = 2KBT/mi (here KB denotes the Boltzmann constant, while mi stands
for the ions mass). The azimuthal equilibrium describes the angular momentum
transport across the disk, by virtue of a turbulent viscosity coefficient D0µ, i. e.
M˙d(L− L0) = 3piD0µωKr2, where L is the angular momentum per unit mass, L0 a
fixed value and M˙d = −2pirσvr is the mass accretion rate, associated to the radial
velocity vr < 0 and to the surface mass density σ ≡
∫H
−H dz. Finally the continuity
equation implies that M˙d = const > 0.
The viscosity Coefficient. The viscosity coefficient D0µ that arises in the disk, as
estimated by the microscopic plasma structure, results to be too small to account
for the accretion rates observed in some astrophysical systems, like X-ray binaries.
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In fact, the observed accretion rates, evaluated by the increasing disk luminosity
L˙d ∼ GM˙dMS/RS , require a large value of D0µ, that in2 were postulated to be due
to a turbulent behavior of the disk plasma. Since, by definition L = ωr2, we can
infer that D0µ = 2σvtH/3, vt being a turbulence velocity expressible as vt = αvs, α
being a free parameter. The point is that the axisymmetric disk is linearly stable
with respect to small perturbations preserving its symmetry. For a discussion of
the onset of turbulence by magnetohydrodynamics (MHD) instabilities based on
the Velikov analysis of 1959, see the review article.3 In what follows, we address a
different point of view, based on the idea that the accretion phenomenon is related
to the structures rising within the plasma disk.
MHD Disk Configuration. The magnetic field, characterizing the central object,
takes the form r ~B = ∂zψ~er + I~eφ + ∂rψ~ez with ψ = ψ(r , z2) and I = I(ψ , z). The
matter flux within the disk reads as
~v = −1
r
∂zΘ~er + ω(r , z2)r~eφ +
1
r
∂rΘ~ez , (1)
where Θ(r , z) has to be an odd function of z to deal with a non-zero accretion rate.
A local model of the equilibrium,4–6 around a radius value r = r0, allows to study
the effects of the electromagnetic reaction of the disk plasma. We split the energy
density and the pressure as  = ¯(r0, z2) + ˆ and p = p¯(r0, z2) + pˆ, respectively. As
well, the magnetic surface function splits in the form ψ = ψ0(r0)+ψ1(r0 , r−r0 , z2),
with ψ1  ψ0. The corotation theorem7 states that ω = ω(ψ). Hence, we can
take the decomposition ω = ωK + ω′0ψ1, where ω
′
0 = const. We now define the
dimensionless functions Y , Dˆ and Pˆ , as follows
Y ≡ k0ψ1
∂r0ψ0
, Dˆ ≡ βˆ
0
, Pˆ ≡ β pˆ
p0
, (2)
where p0 ≡ 2KBTˆ 0/mi and β ≡ 8pip0/B20z = 1/(32z) ≡ k20H20/3. Here k0 is the
fundamental wavenumber of the radial equilibrium, defined as k0 ≡ 3ω2K/v2A, with
v2A ≡ 4pi0/B2z0, recalling that Bz0 = ∂r0ψ0/r0. Thus, we deal with the dimensionless
radial and vertical variables x ≡ k0(r − r0) and u ≡ z/(√zH0), respectively. The
vertical and radial equilibria can be restated as follows
∂u2 Pˆ + zDˆ + 2
(
∂2x2Y + z∂
2
u2Y
)
∂u2Y = 0 , (3)(
D + 1β Dˆ
)
Y + ∂2x2Y + z∂
2
u2Y +
1
2∂xPˆ +
(
∂2x2Y + z∂
2
u2Y
)
∂xY = 0 . (4)
The electron force balance equation. In the presence of a non-zero resistivity
coefficient η, the equation of the electron force balance, reads as: ~E + ~vc ∧ ~B = η ~J ,
~E denoting the electric field and ~J the current density. Since the axial symmetry
requires Eφ ≡ 0, in the local formulation around r0, the azimuthal component
stands as
vrBz − vzBr = ηc
2
4pir0
(
∂2rψ1 + ∂
2
zψ1
)
. (5)
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The discussion about the microscopic viscosity coefficient can be directly extrap-
olated for the resistivity coefficient too. Thus, for instance, in the linear regime
Br ∼ 0, the radial matter infall associated to the dissipative term balancing the
electron equilibrium, can not provide a sufficient accretion rate. Therefore, we
are lead to argue that the azimuthal electron force balance stands on average as
〈vrBz − vzBr〉 ' 0. The driving force of the mass accretion must be searched in the
peculiar MHD instabilities arising in the plasma as triggered by very small resistiv-
ity contributions, like the so-called resistive ballooning modes.8 Eqs. 3-4 admit, at
lowest order in z, a solution which gives the relevant magnetic surfaces in the form
Yt ' x− Y 00 sinxF0(u2), Y 00 = const (6)
We argue that in the region around r0 + pi/k0 the magnetic field lines are crowded
between two adjacent separatrices and the flow across them can be thought as being
maintained intermittently by recurrent resistive ballooning modes. Such modes,
driven by the combined effect of the local radial density gradient and of gravity, let
the plasma slip through the magnetic field lines (as sketched in Fig. 1).
Fig. 1. This picture sketches the plasma along the separatrix.
This work was developed within the framework of the CGW Collaboration
(www.cgwcollaboration.it) and the authors would like to thank Bruno Coppi for
his valuable advice on the topic and for providing us with the Fig. 1.
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